Introduction
It was shown [1, 2] recently that exact lower bounds for the correlation energy of a one-component plasma (OCP) (a system of charged point particles in a uniform background) can be derived based on various semi-positivity conditions for the pair distribution function and the structure factor or, when Newton's theorem holds, based also on Mermin's inequality [3] . Exact lower bounds were given for systems where D=d=l, 2, and 3, and D=2 with d=3; this provided for the first time an exact lower bound in the last case [1] (where Newton's theorem does not hold), and gave improved lower bounds [4, 5] in the domain of intermediate coupling in the other cases [1, 2] (where Newton's theorem holds). The purpose of this paper is to extend these lower bounds to neutral mixtures of charged hard spheres with the same dimensionalities as in the case of OCP's. We also show that another (but weaker) exact lower bound can be derived for the correlation energy of OCP with D=2
and d=3 by modifying the method [4] used for D=d. Our results are based on the bounds for the charge-density correlation function and the semi-positivity of the charge-density-fluctuation spectrum, and therefore apply to all permissible configurations.
The method is described generally in Section 2, and the results for three-dimensional hard spheres are shown in Section 3. Upper bounds for the correlation function of charge densities of hard spheres are given in Appendix A. The lower bound for OCP with D=2 and d=3 is revisited in Appendix B.
Method
We consider a classical system of charged hard spheres in a volume V in D dimensions [6] consisting of species a=1,2, ••• , s. These
where e denotes the charge of a sphere of species a and the zero of a the potential is taken at r=.Q. for d=2. We denote the number, the number density, and the diameter of species a by N , n =N IV, and a , a a a a and assume that the charge e is distributed according to a spherically a symmetric D-dimensional density function~a{r) satisfying
where dDr is the D-dimensional volume element.
Correlation Energy 0/ Charged Hard Spheres
In the case where a > 0 for some a, we assume no uniform backa ground.
The potential energy of our system in a given configuration does not therefore depend on the function~a(r) (due to Newton's theorem), and we can use these functions as a part of variational parameters in deriving bounds for the potential energy.
We also assume that our system is electrically neutral 95 (2.3) where P b is the charge density of the uniform background.
We define the microscopic correlation function of the number densities of centers of species a and S, haS(r), by cc -
where r(, ) is the position of the center of the sphere i of species -1,a a, and note that We assume in this case [7] that
where x(r) is the characteristic function of the volume V. We have therefore (2.7) n nohaS(r) a~cc -
The correlation function of the number density of centers of as spheres a and the charge density of spheres S, eSnanShcd(:)' and that of charge densities of spheres a and S, eaeSnanSh~~(:), are related to haS (r) as cc -
We express the center-center distribution function haS(r) using ccthe microscopic fluctuation spectrum SaS(k) of the distribution of centers defined by where In deriving Onsager's lower bound, we used only the semipositivity of the charge density fluctuation spectrum (2.14). If other information on the correlation functions is used at the same time, it is possible to obtain improved lower bound for the correlation energy.
We note here that the correlation function of charge densities is semi-positive and, in the case of hard spheres, it is also bounded from above by some finite function due to inpenetrability of hard spheres;
The upper bound HaS(r) is derived in Appendix A.
In order to use the above information in the calculation of lower bounds, we rewrite the interaction potential as [1, 2] ¢d(r) = jOOdtf(r,t) = (jG+jOO)dtf(r,t),°°G G > 0, (2.27) and obtain a hybrid-type expression for the potential energy e c where f(k,t) is the Fourier transform of the function f(r,t).
Choosing f so that We note that since the lowest correlation energy of crystalline structure given by the NaCl structure is 2 [e c ]NaCl = -0.87378e 10, (3.4) our result on the ground state energy improves by 32% of the possible room for improvements.
In the mean spherical approximation [9, 10] , the correlation energy is given by e c .2) are used for~Cl.(r) and f(r,t) after some trials within the same possibilities as the case of symmetric mixture. As is also shown in Table, the MSA values satisfy our bounds except for the domain of low temperature or high density where the Debye length (T/4nne 2 )1/2 is much smaller than the hard sphere radius. We describe here a derivation of upper bounds for the correlation function of charge densities in the three-dimensional system of charged hard spheres. We assume that the charges are distributed isotropica11y
on the surface of a sphere with diameter cr I which is concentric with a arid included inside the hard sphere S 'cr '< cr. We denote the charged a' a -a sphere of radius cr '/2 by S ,. Here we used (A.l).
For any configuration of spheres around a spheres S , there is no We consider a system composed of point charges e confined in the plane z=O which is uniformly charged by opposite charges so as to satisfy the charge neutrality of the system. We use a two-dimensional version of the arguments on -the correlation energy by Lieb and Narnhofer [4] for three-dimensional one-component plasmas, taking into account that Newton's theorem for our potential holds in three dimensions.
The total potential energy Ne of our system is given by c Ne c (B.l) where H pp ' H pb ' and H bb denote the potential energy between particles, that of particles and background, and the self energy of background, respectively.
We compare the potential energy of our system with that of a system where our point charges are replaced by uniformly charged After optimizing with respect to the value of r, we obtain a lower bound for the correlation energy e c 2 1/2 -1.3416e (TIn) . (B. 6) This result is weaker than the previous result [1, 13] which has been compared with numerical experiments [14, 15] .
